We present new fixed point results for generalized contractions on spaces with two metrics. In addition generalized contractive homotopies will also be discussed in detail. ᮊ
INTRODUCTION
This paper presents fixed point theorems for generalized contractions on spaces with two metrics. The results are motivated from the study of differential equations in abstract spaces; see, for example, O'Regan and w x Precup 6, Chap. 2 . This paper will be divided into two main sections. Section 2 presents new local and global fixed point results for generalized contractions. The theorems in Section 2 extend results of Hardy and w x w x w x w x Rogers 2 , Kannan 3 , Precup 7 , and Reich 8 . Section 3 presents general continuation type theorems for generalized contractive homotopies on spaces with two metrics. The theorems in this section extend w x w x w x previous results of Granas 1 , O'Regan 5 , and Precup 7 . This section presents fixed point results for generalized contractions on spaces with two metrics. The theorems extend the fixed point results in w x Ž X . 2᎐4, 7, 8 . Throughout this section X, d will be a complete metric space and d will be another metric on X. If x g X and r ) 0 let In addition assume the following three properties hold: 
To see the last inequality suppose the maximum on the right hand side of
The other cases are easier. Thus
Ž .
Proceed inductively to obtain x s Fx , n s 3, 4, . . . with 
Let n ª ϱ and use 2.3 to obtain d x, Fx s 0, so 2.7 is true in this
The following global result can easily be deduced from Theorem 2.1.
d be a complete metric space, d another metric
Ž . on X, and F : X ª X. Suppose there exists q g 0, 1 such that for x, y g X we ha¨e
In addition assume the following two properties hold:
Then F has a fixed point.
Ž . Ž . Ž . Suppose there exists q g 0, 1 such that for x, y g X we ha¨e
HOMOTOPY RESULTS
In this section we present homotopy results for the maps discussed in w x Section 2. Our theorems improve the results in 1, 5, 7 . Ž . w x ii there exists q g 0, 1 such that for all g 0, 1 and x, y g Q we H x, , H y, F q max d x, y , d x, H x, , d y, H 
Ž .
To see the last inequality suppose the maximum on the right hand side of the above displayed equation is
and so
Ž The other cases are easier note as well that -and 1
Ž . 
Ž . Ž Ž . and iv guarantee that 3.1 is true note as well that x is a Cauchy k Ž . w x. sequence with respect to d and is a Cauchy sequence in 0, 1 . Now
We consider first the case We now discuss a special case of Theorem 3.1 which is particularly useful in the study of second order differential equations in Banach spaces Ž w x . w x Ž < <. 
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there exists r ) 0 depending only as k ª ϱ, a contradiction.
